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Cn , Abstract. We define evaluation forms associated to objects in a module sub- 
category of Ext-symmetry generated by finitely many simple modules over a 

Q\ ' path algebra with relations and prove a multiplication formula for the product 

["-f ' of two evaluation forms. It is analogous to a multiplication formula for the 

, product of two evaluation forms associated to modules over a preprojective 

C^ 1 algebra given by Geiss, Leclerc and Schroer in 7 . 



Introduction 



Let A be the preprojective algebra associated to a connected quiver without loops 
(see e.g. [12]) and mod(A) be the category of finite-dimensional nilpotent left A- 
modules. We denote by Ae the variety of finite-dimensional nilpotent left A- modules 
with dimension vector e. For any a; G Ae, there is an evaluation form S^ associated 

CN ' to X satisfying that there is a finite subset i?(e) of Ag such that Ae = Uxefl(e)(^) 

where (x) := {y ^ A^ \ Sx — Sy} Section 1.2]. Inspired by the Caldero-Keller 
cluster multiplication theorem for finite type p], Geiss, Leclerc and Schroer [7] 

f^ . proved a multiplication formula (the Geiss-Leclerc-Schroer multiplication formula) 

CN ' as follows: 

g: x(IPExti(a;',a;"))<5,,e."= ^ (x(PExt]v(a;', x")(x)) + x(PExt],(x", a;')(x))) 4, 

^D • where x' G Ag/, x" S Ae", e = e' + e", PFjxt\{x' ,x")(^,j.) is the constructible subset of 

PExt ^^(a;',^") with the middle terms belonging to (x), PExt\{x" ,x')^x) is defined 
similarly. 

The proof of the formula heavily depends on the fact that the category mod(A) 
C^ ' is of Ext-symmetry. A category C is of Ext-symmetry if there is a bifunctorial 

isomorphism: Extl{M, N) = DExtc(A^, M) for any objects M,N eC. 

Let Q be a finite quiver and A be a quotient algebra CQ/T by an ideal X. We 
denote by mod(^) be the category of finite dimensional left ^-modules. We call 
A an algebra of Ext-symmetry if mod(^) is of Ext-symmetry. It is proved that 
preprojective algebras and deformed preprojective algebras are of Ext-symmetry 
(see [II Theorem 3] and Section 3 in this paper). 

In this paper, we focus on the module subcategories of Ext-symmetry of mod(A). 
Let S = {Si, • ■ • , Sn} be a finite subset of finite-dimensional simple ^-modules. We 
denote by C{S) the full subcategory of uiod{A) consisting of modules M satisfying 
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2 JIE XIAO AND FAN XU 

that the isomorphism classes of the composition factors of M belong to S. We 
associate to modules in C{S) some evaluation forms and prove that if C(iS) is of Ext- 
symmetry, then the product of two evaluation forms satisfies an identity (Theorem 
2.3). The identity is analogous to the Geiss-Leclerc-Schroer multiplication formula. 
There are no known examples of algebras of Ext-symmetry, apart from preprojective 
and deformed preprojective algebras (see Section 3), and it is an open question 
whether further examples exist. However, other examples of module subcategories 
of Ext-symmetry can be easily constructed, and we give an example in Section 3. 

1. The product of two evaluation forms 

1.1. Module varieties. Let Q = {Qo,Qi,s,t) be a finite connected quiver where 
Qo and Qi are the sets of vertices and arrows, respectively, and s,t : Qi ^ Qq 
are maps such that any arrow a starts at s(a) and terminates at t{a). The space 
spanned by all paths of nonzero length is a graded ideal of CQ and we will denote 
it by J7. A relation for Q is a linear combination X]i=i ^iPi where Ai G C and the 
Pi are paths with s{pi) = s(pj) and t{pi) = t{pj) for any 1 <i,j <r. Here if pi is a 
vertex in Qoi then s{pi) = t{pi) — pi. Let A — CQ/X where T is an ideal generated 
by a finite set of relations. We don't assume that I is admissible, i.e. T C J^. 

A dimension vector for A is a map d:Qo^N. We write di instead of d{i) for 
any i £ Qq. For any dimension vector d — {di)i^Qg, we consider the affine space 
over C 

Ed(g)= homc(C'^=(°',C'^'<"))- 

aeQl 

Any element x — {xa)aeQi in ^d{Q) defines a representation {C-,x) where C- — 
®»GQo ^'*' ■ ^°^ ^^y ^ ^ ixa)aGQi S Ed(Q) and any path p = aia2 ■ ■ • a™ in Q, we 
set Xp = Xa^Xa^ ■ ■ ■ Xa„^- Then x satisfies a relation X]I=i ^iPi i^ Si=i ^i^pt = 0- 
Here if pi is a vertex in Qq, then Xp. is the identity matrix. Let _R be a finite set of 
relations generating the ideal X. Then we denote by E^ (A) be the closed subvariety 
of Ed((3) which consists of elements satisfying all relations in R. 

Let S — {Si, ■ ■ ■ , ^n} be a finite subset of finite-dimensional simple A- modules 
and C{S) be a module subcategory of Ext-symmetry of mod(A). We denote by 
Ad{S) the constructible subset of E,d{A) consisting of modules in C{S). In the se- 
quel, we will fix the finite set S and write A^ instead of Ad{S). The algebraic group 
Gd := Gd{Q) = UtGQo GLd.(C) acts on Ed{Q) by {xa)i^Q^ = {gt(a)Xcg~(^))ceQi 
for g £ Gd and {xa)a£Qi G ^d{Q)- It naturally induces the action of Gd on Ad{S). 
The orbit space is denoted by Ad{S). A constructible function over Md{A) is a 
function / : Ed(A) -^ C such that f{Ed{A)) is a finite subset of C and /~^(c) is a 
constructible subset of Ed{A) for any c G Q. 

Throughout this paper, we always assume that C{S) is of Ext-symmetry and 
constructible functions over lKd{A) are G^-invariant for any dimension vector d 
unless particularly stated. 

1.2. Euler characteristics. Let x denote the Euler characteristic in compactly- 
supported cohomology. Let X be a complex algebraic variety and O a constructible 
subset as the disjoint union of finitely many locally closed subsets Xi for i — 
1, • • • , TO. Define x(C) — S"=i xi^i)- We note that it is well-defined. The following 
properties will be applied to compute Euler characteristics. 

Proposition 1.1 ([IT] and [9]). Let X,Y be algebraic varieties over C Then 
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(1) If an algebraic variety X is the disjoint union of finitely many constructible 
sets Xi, ■ ■ ■ ,Xr^ then 

r 

x{x)^Y.^{x,). 

(2) \i i-p : X — i- y is a morphism with the property that all fibers have the 
same Euler characteristic x, then x(X) = x ' x(^)- In particular, if Lp 
is a locally trivial fibration in the analytic topology with fibre F, then 

x{Z)=x{F)-x{y)- 

(3) x(C") = 1 and x(F") = n + 1 for all n > 0. 

We recall the pushforward functor from the category of algebraic varieties over C 
and the category of C- vector spaces (see [10] and [9] ) . Let (p : X ^ Y he a morphism 
of varieties. Write M{X) for the C-vector space of constructible functions on X. 
For / e M{X) and y GY, define 

Theorem 1.2 ([5],[n]). Let X,Y and Z be algebraic varieties over C, cj) : X ^ 
Y and ijj : Y —>■ Z be morphisms of varieties, and f G M{X). Then </>*(/) is 
constructible, 0, : AI{X) -^ M(Y) is a C-linear map and {ip o (j))^ = (tp)* ° (0)* cls 
C-linear maps from M{X) to M{Z). 

1.3. The actions of C* on the extensions and flags. Let A ~ 'CQ/{R) be an 

algebra as in Section 1.1. For any A-modules X, Y, let D{X, Y) be the vector space 
over C of all tuples d = {d{a))a<£Q-^ such that linear maps d{a) G Homc(Xs(Q,') , ^((q)) 

and the matrices L{d)a — { ^ -l- ) satisfy the relations in R. Define tt : 

\ U Xa ) 

D{X, Y) -^ Ext {X, Y) by sending d to the equivalence class of the following short 

exact sequence 

^ Y ^ -^ L{d) ^ X *- , 

where, as a vector space, L{d) = iL(d)a)aeQi is the direct sum of Y and X. 
The direct computation shows that Kervr is the subspace of D{X, Y) consisting of 
all tuples d = {d{a))a£Qi such that there exist {4't)t^Qg £ 0^^^^^ Homc(Xi, y^) 
satisfying d{a) = 4>t{a)Xa — Ya(t's{a) for all a € Qi (see [71 Section 5.1] for a similar 
discussion). 

Fix a vector space decomposition D{X, Y) — Kenr © E{X, Y). We can identify 
Ext\{X,Y) with E{X,Y) [n][6][7]. Let Ext\{X,Y)L be the subset of Ext^(X,y) 
with the middle term isomorphic to L, then 'Ext^{X,Y)L can be viewed as a 
constructible subset of 'Ext\{X,Y) by the identification between F,xt\{X,Y) and 
E{X,Y). There is a natural C*-action on E{X,Y) \ {0} by t.d = {td{a)) for any 
t <eC*. This induces the action of C* on Ext^(X, Y) \ {0}. For any t G C* , we have 
t.e is the following short exact sequence: 

.0 j (0 1) 
^ Y ^ -^ L{t.d) '-^ X ^ 
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where L{t.d)a = [ ^ y ) for any a £ Qi. The orbit space is denoted by 

PExt ^(X, Y) and the orbit of e G Ext ^(X, Y) is denoted by Pe. For a G^-invariant 
constructible subset O of Ed(A), we set Ext^(X, Y)o to be the subset of Ext^(X, Y) 
consisting of the equivalence classes of extensions with middle terms belonging to 
O. 

The above C*-action on the extensions induces an action on the middle terms. 
As a vector space, L = Y (B X. So we can define t.{y, x) = {ty, x) for any i e C* 
and X £ X,y Q Y [Tj Section 5.4] or TT, Lemma 1]. For any Li C L, this action 
yields a submodule t.Li of L isomorphic to Li. In general, if fi = (i D Li D L2 3 
• ■ ■ ^ Lm = 0) is a flag of submodules of L, then t.f^ — {L ^ t.Li D t.L2 ^ • ■ • 3 
t.L,n — 0). Hence, we obtain an action of C* on the flag of L. 



1.4. The product of two evaluation forms. Let Ad '■— Ad{S) be the con- 
structible subset of lE^(A) as in Section 1.1. For any module M € Ed{A), let 
Gve {M) be the subvariety of Gr^ (C-) :— YlieQ ^''e; (*^'^' ) consisting of submodules 
of M with dimension vector e — {ei)i£Qg, and let GrJEdiA)) be the constructible 
subset of EdiA) x G're(C^) consisting of pairs (M, Mi) such that Mi e GrJ^M). 

Proposition 1.3. Let d and e be two dimension vectors. Then the function 
9^{s.:d) ■ ^d{A) -^ C sending M to x{Gre{M)) is a G^-invariant constructible 
function. 

Proof. Consider the projection: cj) : Gre{Ed{A)) — > Ed(A) mapping (A/, Mi) to 
M. It is clear that is a morphism of varieties. By Theorem ll.2| gr{e,d) = 
0*(lGre(Ed(A))) is constructible. D 



For fixed d, we can make finitely many choices of e such that Gre(E^(A)) is 
nonempty. This implies the following corollary. 

Corollary 1.4. There is a finite subset S{d) of Ad such that Ad = UiGS(d) ^(^)i 
where all 0{d)i are constructible subsets of Ad satisfying that for any M, M' e 
0(d)„ x(Gre(M)) = x(Gre(M')) for any e. 

Let A^(d) be the vector space over C spanned by the constructible functions 
gr(e,d) for any dimension vector e. For any M £ Ad, we define the evaluation form 
6m ■ -Mid) -^ C which maps the constructible function gr{e) to x{Gre{M)) = 
gr{e){M). Using the notations in J7j, we set (L) := 0{d)i for arbitrary L € 0{d)i. 
Indeed, Sl — 5l' for any L,L' G 0{d)i. By abuse of notation, we have Ad = 

Let M,iV be ^-modules and 61, 63 be dimension vectors. FixAfi e Gr^ {M),Ni € 
Gve (N), we consider the natural map: 

Pn^Mi ■■ Ext \{N, Ml) ^ Ext \{N, M) © Ext ii(A^i, Mi) 
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mapping e, G Ext\{N,Mi) to (e,£') such that the following diagram commutes: 
e' : ^ Ml ^ L" ^ iVi ^ 



^ Ml 




^ M ^ L 



where L and L" are the pushout and puUback, respectively. Define 

EFl,e,iN,M) = {(Mi,7Vi,£,Li) I Ml e Gre^{M),Ni G Gr,^{N), 

£ ^ G ¥.xi\{N,M)L^Im(iM,M^.Li £ Gr,^+e, (L), Lini(M) = i(Mi),7r(Li) = iVi} 
and EFl{N,M) = [j^ ^^ ^^EFl^^^^{N,M). By the discussion in Section O the 

action of C* on Ext \{N, M) \ {0} naturally induces the action on EFI {N, M) by 
setting 

t.(Mi,iVi,£,Li) = (Mi,iVi,t.e,t.Li) 
for (Ml, iVi, £, Li) e EF3{N, M) and i G C*. We denote its orbit space by PEF3{N, M). 
We also set the evaluation form 5 : A^ -^ C mapping gr{e) to x{^EF^{N, M)). 

Theorem 1.5. Let M,N e C{S). We have 

x(PExt^(M, N))Smqn = Y. x(IPExt^(M, N)i^l))Sl + S. 

Lesii) 

Proof. Since (for example, see [3] or [5]) 

x{Gr,{M (B N)) = ^ x{Gre,{M)) ■ x{Gr,^{N)), 

the above formula has the following reformulation 

x(PExt\(Af,7V)) Y. xiGve^iM)) ■ xiGve^iN)) 

ei+e2=e 

= Y x(PExt\(M,iV)<i))x(Gre(i)) + x(Fi?F|(7V,M)). 

LeS{d) 

Now we prove the above reformulation. Define 

EF{M,N) = {(e,Li) | e e Ext\{M,N)L \ {0},Li e Gr^iL)}. 

The action of C* on F,xt \{M,N) naturally induces the action on EF{M,N) [3 
section 5.4 ]. Under the action of C*, it has the geometric quotient: 

TT : EF{M, N) -^ PEF{M, N). 

We have the natural projection: 

p : FEF{M, N) -> PExt \(M, N). 

Using Proposition [TTll we have 

X{VEF{M,N))= Y x(PExtJi(M,7V)(i))x(Gre(L)). 

LeS(d) 
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Given (e,ii) G EF{M,N), let e be the equivalence class of the following short 
exact sequence: 

e : ^ N ^ L ^ M *- . 

As a vector space, L = NqAI and Li is the subspace of L. We put A/i = (0, l)(ii) 
and A^i = (1, 0)(Li). It is clear that Mi and A^i are the subniodulcs of M and N, 
respectively. Then there is a natural morphism 

00 : EF{M, N)-^ [j Gr,^ (M) x Gr,,^ {N) 

defined by mapping (e,Li) to (Afi, A^i). Furthermore, we have 

</.o((£,ii)) = 0o(i-(e,ii)) 
for any (e, Li) G EF{M, N) and t G C*. This induces the morphism 

: FEF{M, N)^ [j Gr,^ (M) x Gr,,^ (N). 

Now we computer the fibre of this morphism for Mi G Gre (M) and iVi G Gr^ (N). 
Consider the following linear map dual to Pmi.Ni- 

(i'M,,N, ■■ Ext \{M, N) © E^t\{Mi,Ni) -^ Ext 1 (Ml, TV) 

mapping (e, e') to Emi —e'n where £j\/i and e'^ are induced by the inclusions Mi C M 
and A^i C N, respectively as follows: 

£Mi : ^ N ^ Li ^ Ml s- 




e : ^ N ^ L ^ M ^ 

where Li is the puUback, and 




TV ■ >J ^ Jv ^ Li >■ All 

where L'l is the pushout. It is clear that e,e' and Mi,Ni induce the inclusions 
LiQ L and L' C L[. And 

po : Ext \ (M, TV) © Ext ^ (Mi , TVi ) -> Ext ^ (Af , TV) 

is a projection. By a sinfilar discussion as [71 Lemma 2.4.2], we know 

p(r'((Mi, A^i))) - P(po(Ker(/3;,^,^J)). 

Moreover, by [H Lemma 7], for fixed e G po(Ker(/3^^ ^ )), let Pe be its orbit in 
¥{po{Ker{(3'j^^^^J)), we have 

p"i(Pe)n0"i((Mi,TVi)) = hom(Mi,iV/TVi). 
Using Proposition ll.il we get 

x{<p-\{Mi,Ni))) = x(P(po(Ker(/3V,^,^J)) = dimcpo(Ker(/3;,^^^J). 
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In the same way, we consider the projection 

^ : PEFl {N, M) -^ U Gr,^ (M) x Gr,^ (N) . 

Then 

x{f-\{Mi,Ni))) = dimcExt\{N,M)nlmf3N,Mi- 
Now, depending on the fact that C{S) is of Ext-symmetry, we have 

dimcPo(Ker(/3^^^jVi)) + dimcExt^(iV, M) n Im^NuMi = dimcExt\(Af, N). 
Using Proposition 11.11 again, we complete the proof of the theorem. D 

2. The multiplication formula 

The formula in the last section is not so 'symmetric' as the Geiss-Leclerc-Schroer 
formula. In order to overcome this difficulty, we should consider flags of composition 
series instead of Grassmannians of submodules as in [7] . In this section, we prove 
a multiplication formula as an analog of the Geiss-Leclerc-Schroer formula in [7] . 

Let A = CQ/X be an algebra associated to a finite and connected quiver Q and 
S — {Si, ■ • ■ , Sn} be a finite set of finite dimensional simple ^-modules. Let C{S) 
be a full subcategory of Ext-symmetry of mod(A) associated to S. 

Let Ad be the constructible subset of Ed(A) consisting of ^-modules in C{S) with 
dimension vector d. Let X be the set of pairs (j, c) where c — (ci, ■ • • , c„i) G {0, 1}™ 
and j = (ji, • ■ • , jm) is a sequence of integers such that Sj^. G 5 for 1 < fc < tti. 
Given x ^ Ad and (j, c) e A", we define a x-stable flag of type (j, c) as a composition 
series of x 

^.^^{V = (C^, x) 3 V^^ D • • • D F™ = 0) 

of A-submodules of V such that |V^'^^^/F'^| = c^Sj^, where Sj^, is the simple module 
in S. Let ^},c,x be the variety of x-stable flags of type (j, c). We simply write ^j^ 
when c = (1, 1, • • • , 1). Define 

$j(Arf) = {(x,f)|a;GAd,fe<i>j,4- 
As in Proposition ll.3[ we consider a projection: p : $j(j4rf) ^ Ad, the function 
p,(l$.(^^)) is constructible by Theorem 11.21 

Proposition 2.1. For any type j, the function Ad -^ C mapping x to xl'J'j.a:) is 
constructible. 

Let dye '■ Ed(A) ^ C be the function defined by dydx) = x{^},c.,x) for x £ Ed{A). 
It is a constructible function as Proposition l2.1l We simply write dj if c = (1, • ■ • , 1). 
Define A4 (d) to be the vector space spanned by dj . For fixed Ad, there are finitely 
many types j such that $j(y4d) is not empty. Hence, there exists a finite subset 
S{d) of Ad such that 

MeS{d} 

where (M) = {Af G Ad \ x(*j,A/') = x(*j,m) for any type j}. 

For any M G Ad, we define the evaluation form 6m '■ Ai{d) ^ C mapping a 
constructible function f £ M{d,) to f{M). We have 

{M) = {M' G Ad I 5m' = 6m}. 

Lemma 2.2. For M, N G C{S), we have 6m®n — 6m ■ 6n- 
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The lemma is equivalent to show that 

x(*j,MeJv)= J2 x(*j,c',m)-x(*j,c",jv)- 

c'H-c"~l 

Here, c' + c" ^ 1 means that c'^, + cj! = 1 for fc = 1, • • ■ ,iti. The proof of the lemma 
depends on the fact that under the action of C*, ^j^m®n and its stable subset have 
the same Euler characteristic. We refer to [6] for details. 

The following formula is just the multiplication formula in [7l Theorem 1] when 
A is a preprojective algebra and S is the set of all simple A-modules. 

Theorem 2.3. With the above notation, for M,N E C{S), we have 
x(PExt^(M, N))dMeN = Y. (x(IPExt^(Af, N)^^)) + x(PExti(7V, M)^l)))Sl, 

LeS{e) 

where e = diniA/ + dimiV. 



In the proof of Theorem 11.51 a key point is to consider the linear maps (3mi.Ni 
and jd'-j^j ^ dual to each other by the property of Ext-symmetry. Now we extend 
this idea to the present situation as in [7]. Let 

hi = {M = Afo ^ Afi D . . . D M^ = 0) 

be a flag of type (j, c') and let 

fAT = (iV = iVo ^ iVi D • • • D A^„, = 0) 



be a flag of type (j, c") such that c'j. 



1 for k ~ \,- ■ ■ ,m. We write c' + c" ~ 1 . 



For k = I,--- ,m, let LM,k and bN,k be the inclusion maps Mk — + M^^i and 
Nk -^ Nk^i, respectively. Define [71 Section 2] 

rn — 2 m — 2 

/^J,c',c",fM.f« : 0Ext^(7Vfc,A/fe+i)^ 0Ext^(iVfc,A^fe) 



fc=0 



k=0 



by the following map 




Nk-i ^^^^^ Mk[l] 



satisfying 

m-2 

/3j,c',c",fAf ,fiv (^0, ■ • ■ J em-2) = I'M,! °£0 + 2_^ (''M,fc+1 O Efc — Efc-i O L^^k)- 

fe=l 

Depending on the fact that C{S) is of Ext-symmetry, we can write down its dual. 

m — 2 m — 2 

/5j,c',c",f,„f« : 0Extii(A4,iV,)^ 0Extii(A4+i,iV,) 
by the following map 



k=0 



k=0 



Affe+i^^^7Vfc+i[l] 



I^M,k + l 



Mk 




^N,k+1 



Nk[l] 
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satisfying 

m — 3 

/?j>',c",f„,f„ (%i • ■ ■ 7 Vm-2) = ^ (% O tA/,fc+l - iJV.fc+l O %+l) + Vm-2 ° l-M.rn-l- 

Now, we prove Theorem 12.31 

Proof. Define 

EFj{M, N) = {{e, f) I e e Ext \(Af, N)l, L e A , f G $j,l}. 

The action of C* on F,xt\{M, N) induces an action on EFj [M, N). The orbit space 
under the action of C* is denoted by P£'i^j(A/, N) and the orbit of (e, f) is denoted 
by P(£, f). We have the natural projection 

p : P^Fj (M, TV) -> PExt \ {M, N) . 

The fibre for any Pe e PExt\{M,N)L is isomorphic to $jx- By Theorem [TTl we 
have 

x{PEFi{M,N))^ ^ x(FExtJi(M,7V)(i))x('i>j,L). 

LeS{e) 

We also have the natural morphism 

mapping P(e, f) to (fAfifw) where (fM,fAf) is naturally induced by s and f and 
t.{e, f) induces the same (fjv/, ^n) for any t G C*. By [7J Lemma 2.4.2], we know 

p(r'(fA/,fA')) = P(po(Ker(/3j,,,,,„,f^^,f„)), 

where po : ®fcl^ Ext ^(M^, iV^) -^ Fixt\{M,N) is a projection. On the other 
hand, by [H Lemma 7], the morphism 

has the fibres isomorphic to an affine space. Hence, by Theorem II . f 1 we have 

x{r\fM,M) - x(P(Po(Ker(/3[,,,,„,,,,,,„)). 

Dually, we define 

EF^iN, M) = {(e, f) I e e Ext ^(7V, M)l,L G A^ , f G $j,l}. 

The orbit space under C*-action is denoted by PEFj{N, AI). We have the natural 
projection 

q : PEFj{N, M) -> PExt;^(iV, M). 

The fibre for any Pe G P'EiKi\{N , M) l is isomorphic to $j,l- By Theorem 1 1.1[ we 
have 

LeS{e) 

As in the proof of Theorem If .51 there is a natural morphism 

<fO ■■ EFiiN, M) -> U $j,e',M X $j,c",JV 

c'+c"~l 

such that 

(^o((e,f)) = <^o(t-(e,f)) 
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for any (e, f) e EFj{N, M) and t £ C*. Hence, we have the morphism 
(^ : PEFi {N, M) -^ \J $j,c',M X $j,c",jv. 

c'+c"~l 

By [ll Lemma 2.4.3], we know 

qiip-\fM,fN)) = PExt^(7V,Af) n/m(/3j,e',c",f„,f„). 
Similar to the above dual situation, by [8", Lemma 7], the morphism: 

9 \v-HfM,M- ^'"'(fMjA^) ^PExt^(iV,Af) n/m(/3j^e'.c"jM,f„) 
has the fibres isomorphic to an affine space. Hence, by Proposition II . ll we have 

x(^"'(fM,fiv))-x(PExt^(iV,M)n/m(/?j,e',c",fM.f«))- 
However, since /3j,c',c",fM,fjv ^-i^d /3' ^, ^„ , ^ . are dual to each other, we have 

(po(Ker(/3|,,,,„,f^^,f„))^ = Ext Ji(7V, M) n /m(/3j,c'^c"j„j„). 
Thus we have 

x(P(po(Ker(/3[,,,,„,f^^^f„)) + x(PExt^(iV,Af)n/m(/3j,e',c",fM,f«)) 
= dimcExt^(Af,iV). 

Therefore, using Proposition 11.11 ^^ obtain 

VEF^iM, N) + ¥EFi{N, M) - dimcExt ^(M, N) ■ ^ x($j,c',m) • x(*j,c",jv). 

c'+c"~l 

Now, we have obtained the identity 

dimcExt i(M, N) ■ Y. x($j,c'.m) • x(*j,c",jv) = 

c'+c"~l 

^ x(PExt^(M,7V)<i))x('i>j.L)+ 5] x(PExt^(7V,A/)<i))x($j,L) 
LeS(e) ies(e) 

for any type j . Using Lemma [2?2] and Proposition ll.il we finish the proof of Theorem 
[231 D 

3. Examples 

In this section, we give some examples of module subcategories of Ext-symmetry. 

(I) Let A be a preprojective algebra associated to a connected quiver Q without 
loops. Let S be the set of all simple ^-modules. Then C{S) is of Ext-symmetry [7l 
Theorem 3] . 

(II) Let A = CQ/{aa* — a*a) be an associative algebra associated to the following 
quiver 

Q ■■= "O'lj"* 
Let M = {C"\Xa,Xa'') and N = {£",¥„, Ya') be two finite dimensional A- 
modules. Following the characterization of Ext^(Af, N) in Section [TT51 we consider 
the following isomorphism between complexes (see jl] Lemma 1] or [Tj Section 8.2]): 

rl° rfl 

Homc(M., TV.) ^ Homc(Af., iV.) Homc(A/., iV.) ^ Homc(Af., A^.) 

(1-1) 

,1,* y ,0,* 

Homc(Af., AT.) ^ Homc(Af., iV.) Homc(A/., iV.) ^ Homc(Af., TV.) 
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where M, = C™, iV, — C". Here, we define 

4/,Jv(^) = iY,,A-AX^,Y^,A-AX^.),dli^j^{B,B*) = Y^.B+B*X^-Y^B*-BX^,, 

d%*j,jiB,B*) - BXa'+B*Xo,-Yo,.B-Y^B*,d]^y,j{A) = {Yc.A-AX^,~Yo,,A+AXa' 
for any n x m matrices A, B and B* . The second complex is dual to the complex 

Home {N. , M, ) ^^ Home {N„M,)^ Home {N, , M, ) ^^ Home {N, , M, ) 

with respect to the non-degenerate bilinear form 

$ : Home(iV., M.) x Home(iV., M.) -> C 

mapping {X,Y) to tr{XY). As in Section [T73l we have functorially 

Ext^(Af,7V) = Ker(4,^^)/Im«,jv) and DExtii(7V, Af) = Ker(<;j^^)/Im(4;^). 

Hence, we have a bifunctorial isomorphism: 

Ext\(Af, iV) = DExt\(iV, A/). 

(HI) Deformed preprojective algebras were introduced by Crawley-Boevey and Hol- 
land in [2]. Fix A = (Ai)igQo where A^ G C. The deformed preprojective algebra of 
weight A is an associative algebra 

^(A) = CQ/{ J2 aa* " a a) - ^ A,e,), 

aeQi i£Qo 

where Q = Q L) Q* is the double of a quiver Q without loops. Let M, N be finite 
dimensional ^-modules. As in Section [L3l we know D{M, N) is just the kernel of 
the following linear map: 

Home(A/,(„),7V4(„)) ^^^^ Home(A/„7V,), 
where d\j^^ maps {fa)aeQ, ^^ {9i)teQa such that 

g^^ J2 (^a./a+/a.A/„)- ^ (iVa/a* + /a Af^. ) ■ 

a^Qi,s{a)=i a£Qi,t{a)=i 

In the same way as in [71 Section 8.2], we obtain a bifunctorial isomorphism 

Ext^(A'/, N) = DExt^(iV, M). 

(IV) It is easy to construct examples of module subcategories of Ext-symmetry over 
an algebra which is not of Ext-symmetry. Let A — CQ/{(3(3* — P*f3) be a quotient 
algebra associated to the quiver 

g:= 1^^ 2:^3^ 3 

13' 

Let 5i , 5*2 and S3 be finite dimensional simple ^-modules associated to three ver- 
tices, respectively. Since dimeExt"'^(S'i, iS'2) — 1 and Ext^(5'2, S'l) = 0, v4 is not 
an algebra of Ext-symmetry. However, for S = {81,83} or {S'2,S'3}, C{S) is of 
Ext-symmetry. 
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